Fault tolerance and latency are important requirements in several applications which are time critical in nature: such applications require guaranties in terms of latency, even when processors are subject to failures. In this paper, we propose a fault tolerant scheduling heuristic for mapping precedence task graphs on heterogeneous systems. Our approach is based on an active replication scheme, capable of supporting ε arbitrary fail-silent (fail-stop) processor failures, hence valid results will be provided even if ε processors fail. We focus on a bi-criteria approach, where we aim at minimizing the latency given a fixed number of failures supported in the system, or the other way round. Major achievements include a low complexity, and a drastic reduction of the number of additional communications induced by the replication mechanism. Experimental results demonstrate that our heuristics, despite their lower complexity, outperform their direct competitor, the FTBAR scheduling algorithm [3] .
Introduction
Heterogeneous distributed systems are widely deployed for executing computationally intensive parallel applications with diverse computing needs. The efficient execution of applications in such environments requires effective scheduling strategies that take into account both algorithmic and architectural characteristics. The goal is to achieve a good mapping of tasks to processors, minimizing the schedule length (latency). In addition, resource failures (processors/links) may frequently occur in such systems and have an adverse effect on applications. Consequently, there is an increasing need for developing techniques to achieve fault tolerance, i.e., to tolerate an arbitrary number of failures during the execution. Both heterogeneous scheduling and fault tolerance are difficult problems in their own, and aiming at solving them together makes the problem even harder. For instance, the latency of the application will increase if we want to tolerate several failures, even if no actual failure happens during execution.
In this paper, we introduce a Fault Tolerant Scheduling Algorithm (FTSA) which aims at tolerating multiple processor failures without sacrificing the latency simultaneously. FTSA is based on an active replication scheme to mask failures, so that there is no need for detecting and handling such failures. Major achievements include a low complexity, and a drastic reduction of the number of additional communications induced by the replication mechanism in the MC-FTSA variant of the algorithm (where MC stands for Minimum Communications). Experimental results demonstrate that our heuristics, despite their lower complexity, outperform their direct competitor, the FTBAR scheduling algorithm [3] .
The paper is organized as follows: Section 2 presents basic definitions and assumptions. Section 3 describes FTSA, together with its variant MC-FTSA designed to minimize communication overhead. We outline the principle of FT-BAR [3] in Section 4, and we compare FTSA to the latter algorithm in Section 5; the experimental results assess the good behavior of our algorithms. Finally, we conclude in Section 6. Due to lack of space, the review of related work is provided in the dedicated research report [2] .
Framework
The execution model for a task graph is represented as a weighted Directed Acyclic Graph (DAG) G = (V, E), where V is the set of nodes corresponding to the tasks, and E is the set of edges corresponding to the precedence relations between the tasks. In the following we use the term node or task indifferently; v = |V | is the number of nodes, and e = |E| is the number of edges. In a DAG, a node without any predecessor is called an entry node, while a node without any successor is an exit node. For a task t in G, Γ − (t) is the set of immediate predecessors and Γ + (t) denotes its immediate successors. We let V be the edge cost function: V(t i , t j ) represents the volume of data that task t i needs to send to task t j .
A heterogeneous system is represented by a finite processor set P = {P 1 , P 2 , . . . , P m }. These processors are assumed to be fully connected. The link between processors P k and P h is denoted by ℓ kh . The computational heterogeneity of tasks is modeled by a function E : V × P → R + , which represents the execution time of each task on each processor in the system: E(t, P k ) denotes the execution time of t on P k , 1 ≤ k ≤ m. The heterogeneity in terms of communications is expressed by W (t i , t j ) = V(t i , t j ).d(P k , P h ), where task t i is mapped on processor P k , task t j is mapped on processor P h , and d(P k , P h ) is the time required to send a unit length data from P k to P h . The communication has no cost if the two tasks are mapped on the same processor: d(P k , P k ) = 0.
The mapping matrix X is a v × m binary matrix representing the mapping of the v tasks in the DAG to the m processors. Element X ik is 1 if task t i has been mapped to processor P k and 0 otherwise.
For a given graph G and processor set P, g(G, P) is the granularity, i.e., the ratio of the sum of slowest computation times of each task, to the sum of slowest communication times along each edge. If g(G, P) ≥ 1, the task graph is said to be coarse grain, otherwise it is fine grain. For coarse grain DAGs, each task receives or sends a small amount of communication compared to the computation of its adjacent tasks. During the scheduling process, the graph consists of two parts, the already examined (scheduled) tasks S and the unscheduled tasks U . Initially U = V .
Our goal is to find a task mapping X and a schedule of the DAG G on platform P, which aims at minimizing the latency L(G, X ), also called schedule length, while tolerating an arbitrary number ε of processor failures.
FTSA and MC-FTSA
In this section, we present FTSA (Fault Tolerant Scheduling Algorithm), whose objective is to minimize the latency L(G, X ) while tolerating an arbitrary number ε of fail-silent (fail-stop) processor failures under task mapping X . FTSA uses an active replication strategy to allocate ε + 1 copies of each task to different processors.
Allocating many copies of each task will severely increase the total number of communications required by the algorithm: we move from e communications (one per edge) in a mapping with no replication, to e(ε + 1) 2 in FTSA, a quadratic increase. We show how to reduce this overhead down to a linear number e(ε + 1) of communications in the design of MC-FTSA (where MC stands for Minimum Communications).
FTSA
FTSA is a greedy scheduling heuristic based on an attribute priority called task criticalness, which is defined as the length of the longest path passing through free tasks in the current partially mapped DAG. Recall that a task is free if it is unscheduled and if all of its predecessors are scheduled. S is the set of scheduled tasks, U the set of unscheduled tasks, and U f ⊆ U the set of free tasks. Once a task t ∈ S is scheduled on processor P(t), we know its start time S(t, P(t)) and its finish time F(t, P(t)).
A critical task is defined as one of the free tasks with the highest priority. The priority of a free task t is determined by tℓ(t) + bℓ(t), where tℓ(t) and bℓ(t) are respectively the dynamic top level and the static bottom level of t. They are computed as follows:
The word dynamic implies that the value tℓ depends upon the tasks which have already been mapped at each step in the mapping process and the word static implies that the value bℓ remains unchanged according to the topological traversal (top-down) of the DAG. Thus, in the computation of top levels, we consider the worst case communication since we do not know on which processor task t will be assigned. For bottom levels, we use the average execution time of t, defined as E(t) = m j=1 E(t, P j ) /m, and the average communication cost of the edge (t, t * ), defined as W (t, t * ) = V(t, t * ).d, where d is the average delay to send a unit length data between two processors.
Note that the finish time of t on P j is F(t, P j ) = S(t, P j ) + E(t, P j ). The starting time S(t, P j ) of t on P j must be later than the time when all messages from t's predecessors arrive on processor P j , and also later than the ready time of processor P j , defined as r(P j ) = max ti∈S (X ij F(t i , P j )). Thus, S(t, P j ) = max(tℓ * (t, P j ), r(P j )), where the top level is updated now that we know which processor task t is mapped onto: tℓ * (t, P j ) = max t * ∈Γ − (t) {F(t * , P(t * )) + W (t * , t)}.
The definition of criticalness provides a good measure of the task importance: the greater the criticalness, the more work is to be performed along the path containing that task. FTSA takes the computational heterogeneity of the system into account and is designed with the following objectives: (i) tolerate an arbitrary number of permanent failures under latency constraints; (ii) compute task priorities accurately in order that critical tasks will finish earlier; (iii) have a low running time compared to other algorithms in the literature.
We maintain a priority list α (that contains free tasks) which is implemented by using a balanced search tree data structure (AVL). At the beginning, α is empty. The head function H(α) returns the first task in the sorted list α, which is the task with the highest priority (ties are broken randomly). The number of tasks that can be simultaneously free at each step in the scheduling process is bounded by the width ω of the task graph (the maximum number of tasks that are independent in G). This implies that |α| ≤ ω.
At each step of the mapping process, FTSA selects a critical free task t t ← H(α) and simulates its mapping on all processors using the following equation:
The predecessor tasks t * ∈ Γ − (t) are already scheduled onto ε + 1 distinct processors, and we denote by t k * , 1 ≤ k ≤ ε + 1, the replicas of task t * . The first ε + 1 processors that allow the minimum finish time of t are kept. This set called P (ε+1) (the superscript ε + 1 indicates the cardinality) is defined as the ε + 1 processors P j which realize the lowest value of finish time F(t, P j ).
Once the set P (ε+1) is determined, the task t is scheduled on ε + 1 distinct processors (replicas) P ∈ P (ε+1) . Lett be an exit task (a task which does not have any successors in G). The latency of the schedule generated using the above equation, represents a lower bound, i.e., this latency can be achieved if no processor permanently fails during the execution of the application. It is defined as follows:
To compute the upper bound of the latency M, which is achieved in the presence of ε permanent failures (see proposition 3.2), we use the following formula:
Thus, M = max
Proposition 3.1 For an active replication scheme, a task t i ∈ G is guaranteed to execute in the presence of ε permanent failures if and only if P(t k i ) = P(t k+1 i ), k = 1 . . . ε.
Proof: If ε processors fails, then P(t z i ), 1 ≤ z ≤ ε+1, cannot fail and therefore P(t z i ) will execute successfully since there are ε+1 copies of t i mapped on ε+1 different processors. However, if there is a processor P(t u i ), 1 ≤ u ≤ ε + 1, such that P(t u i ) = P(t z i ) = P * and P * fails, then neither t u i nor t z i can execute successfully. Proof: Each task t ∈ G is replicated ε + 1 times. Each of these replicas send their data results to all replicas of each successors task. Therefore, each task will receive its input data ε + 1 times. But as soon as it receives the first input data, the task is executed and ignores later incoming data. So, in some cases the finish time of the replica t (ε+1) will be sooner than its estimated finish time computed by the formula, even in the presence of ε failures. Applying this reasoning to all tasks of G shows that L ≤ M. Theorem 3.1 If at most ε processor failures occur in the system, then the schedule remains valid.
Proof: FTSA is based on an active replication scheme with space exclusion. Thus, each task is replicated ε + 1 times onto ε + 1 distinct processors. We have at most ε processor failures at the same time. So at least one copy of each task is executed on a fault free processor.
Note that if a replica of task t and a replica t z * of its predecessor t * are mapped on the same processor P, then there is no need for other copies of t * to send data to processor P. Indeed, if P is operational, then the copy of t on P will receive the data from t z * (intra-processor communication). Otherwise, P is down and does not need to receive anything. We are now ready to assess the compexity of FTSA.
Algorithm 3.1
The FTSA algorithm 1: ε ← maximum number of failures supported 2: Compute bℓ(t) for each task t in G and set tℓ(t) = 0 for each entry task t;
(*Mark all tasks as unscheduled*) 5: Put entry tasks in α; 6: while U = ∅ do 7: t ← H(α); (*Select free task with highest priority *) 8:
Compute F(t, P j ) for 1 ≤ j ≤ m using (1); 9:
Keep first ε + 1 processors that allow for minimum finish time of t, P (ε+1) ; 10:
Schedule t on these ε + 1 processors;
11:
Put t in S, update priority values of t's successors;
12:
Put t's free successors in α;
13:
U ← U \{t}; 14: end while
. Insertion or deletion from α costs O(log |α|) where |α| ≤ ω. Since each task in a DAG is inserted into α once and only once and is removed once and only once during the entire execution of FTSA, the time complexity for α management is in O(v log ω). The main computational cost of FTSA is spent in the while loop (Lines 6 to 14). This loop is executed v times. Line 7 costs O(log ω) for finding the head of α. Line 8 costs O(|Γ − (t)|(ε + 1)m), since all the replicas of the immediate predecessors of task t on each processor P j , j = 1 . . . m, need to be examined. Since ε < m, then for the whole v loops the cost for this line is at most
to update the priority values of the immediate successors of t, and similarly, the cost for the v loops of this line is O(e). Thus the total cost of FTSA is O(em 2 + v log ω).
MC-FTSA
Each task of the task graph G is replicated ε + 1 times. Therefore each communication between two tasks in precedence is replicated at most (ε + 1) 2 times. Since there are e edges in G, the total number of messages in the fault tolerant schedule is at most e(ε + 1) 2 . In some cases, we may have an intra-processor communication, when two tasks in precedence are mapped on the same processor, so the latter quantity is in fact an upper bound. Duplicating each task ε + 1 times is an absolute requirement to resist to ε failures. But duplicating each precedence edge (ε + 1) 2 times is not mandatory. We can decrease the total number of communications from e(ε + 1) 2 down to e(ε + 1), as explained below.
Let P = {P 1 , P 2 , . . . , P m } be the set of processors in the system. Let t be the current task scheduled by the algorithm FTSA. We use equation (1) to assign a set A(t) of ε + 1 processors to execute t. We need to orchestrate the communications from the processors executing the predecessors of t. So consider a predecessor t ′ of t, that has been scheduled on a set A(t ′ ) of ε + 1 processors. Now each processor in A(t ′ ) will communicate to exactly one processor in A(t) instead of communicating to all of them as in the FTSA algorithm. To determine the set of communications, we use a graph-theoretic approach. We prepare a bipartite graph as follows: -left nodes are communication sources: we insert a vertex v t ′ ,Pi for each P i ∈ A(t ′ ).
-right nodes are the target processors in A(t): we insert a vertex v t,Pi for each P i ∈ A(t).
-edges go from left nodes to right nodes. Consider any left node v t ′ ,Pi . We have two cases: (i) either P i ∈ A(t), which means that there is a right node v t,Pi in the graph, then we add an edge from v t ′ ,Pi to v t,Pi , and this is the only edge outgoing from v t ′ ,Pi ; (ii) or P i / ∈ A(t), and we add an edge from v t ′ ,Pi to each right node v t,Pj .
-an edge from v t ′ ,Pi to v t,Pj is weighted by the time-step at which the computation of t could be finished by P j if t ′ was the only predecessor of t. More precisely, this weight is The intuitive idea is to enforce internal communications whenever a processor executes both t and one of its predecessor t ′ , as we prove below. Note that the algorithm would fail otherwise. For instance assume that ε = 2, A(t ′ ) = {P 1 , P 2 , P 3 , } and A(t) = {P 1 , P 5 , P 6 }. If we retain the communications P 1 → P 5 , P 2 → P 6 and P 3 → P 1 , then the algorithm is blocked by the failure of P 1 and P 2 . But if we enforce that the only edge from P 1 is to itself, then we resist to 2 failures.
Proof: Consider a predecessor t ′ of t, let B = A(t ′ ) ∩ A(t) and k = |B|. If one of the processors in B does not fail we are done. Otherwise there remains ε + 1 − k processors in A(t ′ ), as many in A(t) and they are all distinct. We have ε + 1 − k edges that realize a one-to-one mapping between these two processor sets. We can reorder the remaining processors in A(t) so that each edge go between the i-th remaining processor in A(t ′ ) to the i-th remaining processor in A(t). There can still be ε − k failures, since we considered that all k processors in B have failed, and thus we cannot break the ε − k + 1 edges. There remains a communication link between two working processors.
We need to decide which edge subset C to extract from the bipartite graph. As long as a subset satisfies to the condition of proposition 3.3, it is valid, but we aim at finding one that minimizes the latency. There are several possibilities. (i) For any value of T , we can find in polynomial time if there exists a subset whose largest edge weight does not exceed T . To do so, we suppress all edges of weight larger than T , and we run a maximal matching algorithm (which is polynomial since the graph is bipartite) that will cover all source edges if such a cover exists, hence providing a valid solution. We perform a binary search on T to determine the smallest value that leads to a solution, which we return. Note that T is searched in the set of edge weights, hence the overall complexity of the algorithm remains polynomial. (ii) We can use a greedy algorithm that gives priority to internal communications and then greedily select the edges in the order of non-decreasing weights. We retain the current edge if it satisfies to the condition of proposition 3.3 given already taken decisions, i.e., if it saturates a new left node and a new right node in the graph, and otherwise we proceed to the next edge.
With different objective functions
In this section we first discuss the approach when the latency is fixed (instead of the number of tolerated failures as before). When the latency is fixed, we would like to determine the maximum number of processor failures that can be tolerated in the system while achieving the prescribed latency. The simplest way is to start by generating a schedule supporting a single failure, and if the length of this schedule is less than the fixed latency, we repeat the process for 2 failures and so on until the latency requirement cannot be satisfied any longer. The running time of the scheduling process is increased since we perform several calls to FTSA. A better solution consists in performing a binary search on ε to determine a maximum number of failures that will be supported in the system for a given latency L. The overall complexity of the algorithm remains polynomial, even though the running time is increased.
Next, we discuss the approach when both values of the latency and of the failure number are given. Our goal is then to detect the infeasibility of the combination before the end of the scheduling process. This would allow to reduce the latency or the number of supported failures during the execution of the scheduling algorithm, a nice feature when scheduling very large task graphs. To this purpose, we assign a deadline d(t i ) to each task t i ∈ G. The computation is done recursively in reverse topological order as follow:
is the average execution time of t i on the ε + 1 fastest processors in the system:
where d is the average delay to send a unit length data on the ε + 1 fastest links.
Deadlines are assigned so that a task deadline is always earlier than that of its successors. We can easily prove that, if at some step in the scheduling process, P (ε+1) is the set of ε + 1 processors that allow for the minimum finish time of task t, and max P∈P (ε+1) F(t, P) > d(t), then both criteria cannot be satisfied simultaneously.
The scheduling scheme adopted when both criteria are fixed is similar to the FTSA algorithm. The only difference lies in the following test that we can add on line 10 in Algorithm 3.1, in order to check the feasibility of the criteria at each step of the algorithm:
Schedule t on the ε + 1 corresponding processors; else return "Failed to satisfy both criteria simultaneously";
If at some step of the scheduling process, the algorithm fails to satisfy both criteria at the same time, the user can relax either ε or L, and launch the algorithm again.
A Brief Description of FTBAR
In order to compare our algorithm to FTBAR (Fault Tolerance Based Active Replication) [3] , we give here a brief description of this algorithm, using the original notations of [3] . To the best of our knowledge, FTBAR is the only algorithm that addresses the same scheduling problem as this paper. It is based on an existing list scheduling algorithm presented in [7] . At each step n in the scheduling process, one free task is selected from the list based on the cost function σ (n) (t i , p j ), called schedule pressure, it is computed as follows: σ (n) (t i , p j ) = S (n) (t i , p j ) + s(t i ) − R (n−1) . S (n) (t i , p j ) is the earliest start-time (top-down) of t i on p j , similarly, s(t i ) is the latest start-time (bottom-up) of t i and R (n−1) is the schedule length at step n − 1. The selected task-processor pair is obtained as follows: i) select for each free task t i , the N pf + 1 processor having the minimum schedule pressure
. ii) select the best pair among the previous set, i.e., the one having the maximum schedule pressure (the most urgent pair) σ (n)
The task t is then scheduled on the N pf + 1 processors computed at step 1. Ties are broken randomly. A recursive Minimize-Start-Time procedure proposed by Ahmad and Kwok [1] is used in attempting to reduce the start time of the selected task t. The time complexity of the algorithm is O(P N 3 ), where P is the number of processors in the system and N the number of tasks in G.
Experimental results
To evaluate the performance of FTSA, several series of simulations have been conducted. We use randomly generated graphs, whose parameters are consistent with those used in the literature [3, 5] . The number of tasks is chosen uniformly from the range [100, 150]. The granularity of the task graph is varied from 0.2 to 2.0, with increments of 0.2. The number of processors is set to 20 and we let ε = {1, 2, 5}. To account for communication heterogeneity in the system, the unit message delay of the links and the message volume between two tasks are chosen uniformly from the ranges [0.5, 1] and [50, 150] respectively. Each point in the figures represents the mean of executions on 60 random graphs.
The metrics which characterize the performance of the algorithms are the latency and the overhead due to the active replication scheme. We compare the performances of FTSA and FTBAR. For each algorithm, we compare the fault free version (without replication) and the fault tolerant algorithm. Finally, MC-FTSA (Minimum Communications-FTSA) is the variant of FTSA which minimizes the amount of communications, using the greedy algorithm to select edges, as detailed in Section 3.2. Recall that the lower and upper bounds of the schedules are computed according to equations (2) and (4) . The fault free schedule is defined as the schedule generated by each algorithm without replication, assuming that the system is completely safe. Each algorithm is evaluated in terms of achieved latency and fault tolerance overhead, given by the following formula:
where the superscripts ℓb, * and c respectively denote the lower bound, the latency achieved by the fault free schedule, and the latency achieved by the schedule when processors effectively fail (crash). Looking at figures plotting bounds (Figures 1(a) , 2(a) and 3(a)), we see that FTSA achieves a really good lower bound, which is very close to the fault free version. As expected, the lower bound of MC-FTSA is slightly higher than that of FTSA, but its upper bound is close to the lower bound since we keep only the best communication edges in the schedule. The upper bound, which is a guaranty of the achieved latency, is even better than the lower bound of FTBAR for ε = {1, 2} and a granularity greater than 1. FTSA always outperforms FTBAR in terms of lower bound. The reason of the poorer performance of FTBAR can be explained by the inconvenience of the schedule pressure function adopted for the processor selection. Processors are selected in such a way that the schedule pressure value is minimized. Doing so, tasks are not really mapped on those pro-cessors which would allow them to finish earlier.
We have also compared the behavior of each algorithm when processors crash down by computing the real execution time for a given schedule rather than just bounds. Processors that fail during the schedule process are chosen uniformly from the range [1, 20] . We can see on Figures 1(b) , 2(b) and 3(b) that FTSA c behaves better than FTBAR c . As expected, MC-FTSA has a bigger latency, since we removed some of the communication links. When crashes occur, this later algorithm is constrained to the use of some particular communication links. Even in this case, MC-FTSA achieves a better latency than FTBAR for ε = {1, 2}, which corresponds to a reasonable number of failures for an architecture of 20 processors.
We readily observe from Figures 1, 2 and 3 that we deal with two conflicting objectives. Indeed, the fault tolerance overhead increases together with the number of supported failures. We also see that latency increases together with granularity, as expected. From Figures 1(b,c) , 2(b,c) and 3(b,c), it is interesting to note that when the number of failures increases, there is not really much difference in the increase of the latency, compared to the schedule length generated with 0 crash (the lower bound). This is explained by the fact that the increase in the schedule length is already absorbed by the replication done previously, in order to resist to eventual failures. However on an architecture with fewer processors (for instance with 5 processors, see Figure 4) , we clearly see the difference in terms of latency increase and therefore in terms of overhead, when the number of failures gets larger.
Finally, we realized some timing experiments to show the efficiency of the new heuristics in terms of execution time. The running times of FTSA, MC-FTSA and FT-BAR are given in Table 1 for a case with 50 processors and 5 supported failures. The implementation is in C and experiments are run on a Core 2 Duo processor (CPU 1.66 GHz). From this table, we observe that our algorithms FTSA and MC-FTSA are considerably faster than FTBAR. We conclude that for large task graphs, the FTBAR algorithm is not really practical, while FTSA and MC-FTSA are still capable of scheduling very large task graphs in reasonable time. 
Conclusion
In this paper we have presented FTSA, an efficient faulttolerant scheduling algorithm for heterogeneous systems based on an active replication scheme. We have also designed MC-FTSA, a variant of FTSA in which the communication overhead due to task replication is dramatically reduced. To assess the performance of FTSA, simulation studies were conducted to compare it with FTBAR, which seems to be its only direct competitor from the literature. We have shown that FTSA is superior to FTBAR both in terms of computational complexity and quality of the resulting schedule. We also point out that MC-FTSA generates better schedules than FTBAR when there is a small number of failures.
We plan to investigate more realistic communication models such as the bounded multi-port model [4] or the oneport model [6] . Such models are more realistic because they bound the volume of data that can be sent by a given processor (due to the limited capacity of its network card), as well as the volume of data that can share a given communication link (due to the limited bandwidth of the link). With these models, we expect MC-FTSA to be superior to other scheduling algorithms, since it already accounts for reduced communications. Also, we want to study a more complex failure model, in which we would also account for the failure probability of the application.
